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INEQUALITIES FOR MEANS OF TWO MEAN VARIABLES
LI YIN AND BARKAT ALI BHAYO
Abstract. Motivated by the work of Anderson, Vamanamurthy and Vuorinen
[5], in this paper authors study the log-convexity and log-concavity of Power mean,
Identric mean, weighted Power mean, Lehmer mean, Modified Alzer mean, and
establish the relation of these means with each other.
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1. introduction
For two positive real numbers a and b, the Arithmetic, Geometric, Harmonic,
Logarithmic, Identric, Lehmer, Modified Alzer, Power mean of order t ∈ R, and the
weighted Power mean are respectively defined by
A(a, b) =
a+ b
2
, G(a, b) =
√
ab,
H(a, b) =
1
A(1/a, 1/b)
,
L(a, b) =
a− b
log a− log b, a 6= b, L(a, a) = a,
I(a, b) =
1
e
(
aa
bb
)1/(a−b)
, a 6= b,
Lp(a, b) =
ap + bp
ap−1 + bp−1
, p > 0,
Jp(a, b) =
p+ 1
p
ap+1 − bp+1
ap − bp , p 6= 0, a 6= b,
Mp(a, b) =
{ (
ap+bp
2
)1/p
, p 6= 0,√
ab, p = 0,
Mp(ω, a, b) =
(
ap + ωbp
1 + ω
)1/p
, p > 0.
Since last few decades the inequalities involving these means have been studied ex-
tensively by numerous authors. For the historical background, generalized, and their
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connection with elementary functions and with each other, we refer the reader to
[2, 3, 11, 12, 13, 14, 16, 15].
For the following definition see [5].
1.1. Definition. Let f : I0 → (0,∞) be continuous, where I is a sub-interval of
(0,∞). Let M and N be two any mean functions. We say that the function f is
MN-convex (concave) if
f(M(x, y)) ≤ (≥)N(f(x), f(y)) for all x, y ∈ I0 .
In [5], Anderson, Vamanamurthy and Vuorinen studied the convexity and concavity
properties of a function f with respect to two mean values, and gave the following
result:
1.2. Lemma. [5, Theorem 2.4] Let f : I0 → (0,∞) be a differentiable. In parts
(4)(9), let I0 = (0, b), 0 < b <∞. Then
(1) f is AA-convex (concave) if and only if f ′(x) is increasing (decreasing),
(2) f is AG-convex (concave) if and only if f ′(x)/f(x) is increasing (decreasing),
(3) f is AH-convex (concave) if and only if f ′(x)/f(x)2 is increasing (decreasing),
(4) f is GA-convex (concave) if and only if xf ′(x) is increasing (decreasing),
(5) f is GG-convex (concave) if and only if xf ′(x)/f(x) is increasing (decreas-
ing),
(6) f is GH-convex (concave) if and only if xf ′(x)/f(x)2 is increasing (decreas-
ing),
(7) f is HA-convex (concave) if and only if x2f ′(x) is increasing (decreasing),
(8) f is HG-convex (concave) if and only if x2f ′(x)/f(x) is increasing (decreas-
ing),
(9) f is HH-convex (concave) if and only if x2f ′(x)/f(x)2 is increasing (decreas-
ing).
After the publication [5], many authors have studied generalized convexity. For
a partial survey of the recent results, see [4]. In [7], the following results appeared.
Motivated by the above work of Anderson et al. [5], the authors of this paper studied
the convexity and concavity properties of a function with respect to Logarithmic,
Identric mean and gave the following results..
1.3. Lemma. [7] Let f : (0, 1)→ (0,∞) be a continuous, then
(1) f is LL-convex (concave) if f is increasing and log-convex (concave),
(2) f is AL-convex (concave) if f is increasing and log-convex (concave).
1.4. Lemma. [8, Theorem 1] Let f : I → (0,∞) and I ⊆ (0,∞). Then the following
inequality holds true:
I(f(x), f(y)) ≥ f(I(x, y))
(I(f(x), f(y)) ≤ f(A(x, y)))
If the function f(x) is a continuously differentiable, increasing and log-convex (con-
cave).
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In this paper authors make a contribution to the topic by giving the following
theorems.
1.5. Theorem. For all a, b ∈ (0,∞) fixed, if p, q > 0 or p, q ≤ 0 and b ≥ a, then the
following hold true:
(1) L (Mp(a, b),Mq(a, b)) ≤ML(p,q)(a, b);
(2) L (Mp(a, b),Mq(a, b)) ≤MA(p,q)(a, b);
(3) I (Mp(a, b),Mq(a, b)) ≤MA(p,q)(a, b).
1.6. Theorem. For all a, b ∈ (0,∞) fixed and b ≥ a, if p, q > 0, then the following
hold true:
(1) L (Lp(a, b), Lq(a, b)) ≥ LL(p,q)(a, b);
(2) L (Lp(a, b), Lq(a, b)) ≥ LA(p,q)(a, b);
(3) I (Lp(a, b), Lq(a, b)) ≥ LI(p,q)(a, b).
1.7. Theorem. For a ≥ b ≥ 1, p, ω, ν > 0, the following hold true:
(1) L (Mp(ω, a, b),Mp(ν, a, b)) ≤Mp(L(ω, ν), a, b),
(2) L (Mp(ω, a, b),Mp(ν, a, b)) ≤Mp(A(ω, ν), a, b),
(3) I (Mp(ω, a, b),Mp(ν, a, b)) ≤Mp(A(ω, ν), a, b).
2. Lemmas and proof
In this section we give few lemmas which will be used in the proof of main result.
2.1. Lemma ([10, Lemma 1]). The two variable power mean Mp(a, b) is concave in
p for p ≥ 1 and convex in p for p ≤ −1. That is, ∂2
∂p2
[Mp(a, b)] ≤ 0 for p ≥ 1 and
∂2
∂p2
[Mp(a, b)] ≥ 0 for p ≤ −1 with equality if and only if a = b.
2.2. Lemma. For a, b > 0, the following assertions hold true:
(1) The function p 7→Mp(a, b) is increasing and log-concave on p ∈ (0,∞);
(2) If b
a
≥ 1, the function p 7→ Mp(a, b) is increasing and log-concave on p ∈ (−∞, 0).
Proof. By simple computation, we easily know that Mp(a, b) = aMp(1, λ), where
λ = b/a. So, we only need to prove that the function p 7→ Mp(a, b) satisfies the
above assertions.
For the proof of part (1), we easily obtain
Mpt(1, λ)
t = Mp(1, λ
t),
and
(2.3) t log (Mpt(1, λ)) = log
(
Mp(1, λ
t)
)
.
Differentiate (2.3) with respect to p while holding λ fixed, we get
(2.4) t2 [log (Mpt(1, λ))]
′ =
[
log
(
Mp(1, λ
t)
)]
′
,
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and
(2.5) t3 [log (Mpt(1, λ))]
′′
=
[
log
(
Mp(1, λ
t)
)]′′
.
Putting p = 1, we have
t3 [log (Mt(1, λ))]
′′ ≤ 0
by Lemma 2.1. Hence, we have [log (Mt(1, λ))]
′′ ≤ 0 for t ≥ 0.
For the proof of part (2). Let f(p) = Mp(1, λ). Simple computation yields
f ′(p) = − 1
p2
log
(
1 + λp
2
)
+
λp lnλ
p2 (1 + λp)
,
and
f ′′(p) =
2
p3
log
(
1 + λp
2
)
− λ
p lnλ
p2 (1 + λp)
+
pλp ln2 λ− λp lnλ− λ2p lnλ
p2 (1 + λp)2
.
If p < 0 and λ > 1, we easily see that f ′′(p) < 0 which implies that the function
p 7→ Mp(a, b) is log-cancave on p ∈ (−∞, 0). In addition, the increasing property of
p 7→Mp(a, b) is well-known see e.g., [9]. This completes the proof. 
2.6. Lemma. For a, b > 0 with b ≥ a, the function p 7→ Lp(a, b) is increasing and
log-convex on p ∈ (0,∞). In particular, for p > 1 and b ≥ a > 0, we have
Lp(a, b)
2 ≤ Lp+1(a, b)Lp−1(a, b).
Proof. Since Lp(a, b) = aLp(1, λ), λ =
b
a
, we only consider the function Lp(1, λ). Let
g(p) = log (Lp(1, λ)). Simple computation results in
g′(p) =
λp lnλ
1 + λp
≥ 0,
and
g′′(p) =
λp ln2 λ
1 + λp
≥ 0
which implies that the function g(p) is increasing and log-convex on p ∈ (0,∞). 
2.7. Lemma. For p > 0, the function p 7→ Mp(ω, a, b) is decreasing and log-convex
(increasing and log-concave) on ω ∈ (0,∞) if b ≥ a > 1 (a ≥ b > 1). In particular
for p > 0, u > 1 and b ≥ a > 1 (a ≥ b > 1), we have
Mp(u, a, b)
2 ≤ (≥)Mp(u− 1, a, b)Mp(u+ 1, a, b).
Proof. Let k(ω) = log (Mp(ω, a, b)) . By simple computation, we have
k′(ω) =
1
p
(
1
1 + ω(b/a)p
− 1
1 + ω
)
and
k′′(ω) =
1
p
(
1
(1 + ω)2
− 1
(1 + ω(b/a)p)2
)
.
If b ≥ a > 1 (a ≥ b > 1), we easily obtain k′(ω) ≤ (≥)0 and k′′(ω) ≥ (≤)0. This
completes the proof. 
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2.8. Corollary. For b > a > 0, the function p 7→ Jp(a, b) is strictly decreasing and
log-convex on p ∈ (0,∞). In particular, for b > a > 0 and p > 1, we have
Jp(a, b)
2 ≤ Jp+1(a, b)Jp−1(a, b).
Proof. Since Jp(a, b) = aJp(1, λ), where λ =
b
a
. Now it is enough to prove that
the function p 7→ Jp(1, λ) is strictly decreasing and log-convex on p ∈ (0,∞). Let
h(p) = log (Jp(1, λ)) . By simple computation, we have
h′(p) = −1
p
+
1
p+ 1
+ lnλ
(
λp
1− λp −
λp+1
1− λp+1
)
< 0,
and
h′′(p) =
1
p2
− 1
(p+ 1)2
+ ln2 λ
(
λp
(1− λp)2 −
λp+1
(1− λp+1)2
)
> 0.
In fact, we consider the auxiliary functions α(x) = x
1−x
and β(x) = x
(1−x)2
for x > 1.
Simple computation yields α′(x) = 1
(1−x)2
> 0 and β ′(x) = 1+x
(1−x)3
< 0. This implies
that α(x) is strictly increasing and β(x) is strictly decreasing for x > 1. Because
of λ > 1, we have λp < λp+1. So, we get λ
p
1−λp
< λ
p+1
1−λp+1
and λ
p
(1−λp)2
> λ
p+1
(1−λp+1)2
This
completes the proof. 
Proof of Theorem 1.5-1.7. The proof of Theorem 1.5 follows from Lemmas 2.2,
1.3 and 1.4. Similarly, by utilizing the Lemmas 1.3 and 1.4, the proof of Theorem
1.6 and 1.7 follow from 2.6 and 2.7, respectively. 
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